Abstract. An extension of Chernoff's product formula for one-parameter functions taking values in the space of bounded linear operators on a Banach space is given. Essentially, the n-th one-parameter function in the product formula is mapped by the n-th iterate of a contraction acting on the space of the one-parameter functions. The motivation to study this specific product formula lies in the growing field of dynamical control of quantum systems, involving the procedure of dynamical decoupling and also the Quantum Zeno effect.
It has been shown recently the convergence of the following product formula [1] (1) lim n→∞ ue t n x ue t n x . . . ue t n
x u † n = e Px t .
with u unitary operator and x bounded operator on a Hilbert space H. Furthermore, t ∈ C with |t| < ∞ and P is a projection operator which maps the elements of the set Ξ The convergence of (1) is uniform due to the power bounded map x → uxu † , which has been discussed in the context of mean ergodic theorems [2] . Eq. (1) is an example of a degenerate semigroup product formula [3] . In these cases is more adequate to apply [4, 5] Chernoff's product formula [6, 7] rather than Trotter's [8] . However, this approach works only when in (1) the unitary operator u is such that there exists an non-zero natural number k such that u k is equal to the identity operator I. We may even generalize (1) with n/k being a natural number and u 1 u 2 . . . u k equal to I. In order to lift this constraint one have to provide a generalization of Chernoff's result. This is one of the main aim of our paper, where we employ results from ergodic theory. It is also natural to consider the extension of the map x → uxu † to a more general contraction map. In Ref. [4] where the unitary operator u is replaced by a projection operator leading to questions in the topic of Quantum Zeno effect. The approach, presented in the subsequent discussion, is different from the recent extensions of the Chernoff's product formula, see for example Ref. [9] . Let us consider a Banach space X and a power bounded linear transformation Π : X → X , i.e., there exists a constant M 1 such that
Π is a contraction when M = 1. We consider the following two closed linear subspaces for Π [2] 
and
When X is reflexive, the theorems of E. R. Lorch in [10] guarantee Ξ X = X and Π is mean ergodic on X . The next theorem on the separation of Ξ X is mostly due to K. Yosida [2, 11] : Theorem 1. Let Π be a power bounded linear operator on a Banach space X . Then
The linear operator Px = lim 1 n n k=1 Π k x assigned to x ∈ Ξ X is the projection of Ξ X onto Ker(I − Π). We have P = P 2 = ΠP = PΠ and for any y ∈ X the assertions a) lim
Recall that a (C 0 ) semigroup t → T t on B is such that
The strong derivative of T t at t = 0 is a closed, densely-defined operator, the generator of T t . Under these conditions we are going to give an analytical proof of the following theorem: Theorem 2. Let V t be a strongly continuous function from R + to the linear contractions on the Banach space B such that V 0 = 1. Consider a contraction Π on L(B) such that Π1 = 1, whose Cesàro mean
converges to the projector P projecting onto the linear subspace
converges to e tA in the strong operator topology.
The theorem will be proved via a number of lemmas, whereas some of them are already known.
Lemma 3. Let {T n (t)} t 0 , n = 0, 1, 2, . . . , be (C 0 ) semigroups on the Banach space B with generators A n satisfying the stability condition
where the constants M 1 and ω ∈ R are independent of n and t. Define A = lim n→∞ A n and suppose that a) A is densely defined b) for some λ > ω the range Rng(λ − A) is dense in B Then the closure of A is the infinitesimal generator of a (C 0 ) semigroup T (t), which satisfies T (t) = lim n→∞ T n (t) in the strong operator topology and uniformly for every compact interval [0, t 0 ].
Proof. It is in fact the Trotter-Kato approximation theorem, see [12] together with [13] . Another approach in [6] considers B to be separable.
Lemma 4. Let S be a linear contraction on the Banach space B. Then we have
for all x ∈ B and n = 0, 1, 2, . . .
Proof. Can be found in Lemma 2 of [6] .
Lemma 5. Let Π be a contraction on a Banach space X such that Π1 = 1.
Suppose that x ∈ Ξ X with 1+ t n x 1 for all t > 0 and n = 1, 2, . . . . Then, together with the projector P projecting onto the linear subspace Ker(I − Π)
Proof. Let us fix n. According to Theorem 1
Suppose first that x ∈ Ker(I − Π) ⊕ Rng(I − Π), so therefore exists a y ∈ X such that x = Px + y − Πy and we define the following operator:
We are going to upper bound every term on the right hand side of the above inequality. For the first term, we have
where we have used that P is a projector, Π a contraction and 1 + tx 1. The other terms yield
and finally
Substituting inequalities (8), (9), (10), and (11) into (7) results that for an element x ∈ Ker(I − Π) ⊕ Rng(I − Π) with 1 + tx 1 for all t 0
From the substitution t → t/n, we obtain
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Thus 6 holds for an element x ∈ Ker(I − Π) ⊕ Rng(I − Π). We claim that 6 holds also for an element x ∈ Ker(I − Π) ⊕ Rng(I − Π). Let x 1 , x 2 ∈ Ξ X such that 1 + t n x i 1 (i = 1, 2) for all t 0 and n = 1, 2, . . . . Then
with
Let x 2 = Px 2 + z, where z is not of the form y − Πy. Then for any ǫ > 0 we can take an arbitrary ǫ ′ > 0 satisfying
and for this ǫ ′ there exists x 1 ∈ Ker(I − Π) ⊕ Rng(I − Π) such that
Furthermore, for ǫ ′ > 0 we can take an n 0 such that for every n > n 0
which is due to the inequality in (12) . Thus, with the combination of (13) and (14) we have for every n > n 0
As ǫ > 0 was arbitrary, we have proved our statement.
Proof of Theorem 2. Fix t > 0 and define
The domain D of the strong derivative (V t − 1)/t x consists of those x for which the limit t → 0 exists. Replacing V t with P(V t ) it is unequivocal that the domain of those x for which lim t→0 (P(V t ) − 1) /t x (P1 = 1) exits it coincides with D. The semigroups e tP(An) all satisfy
Thus, the stability condition (4) of Lemma 3 is fulfilled . We define
and it is obvious that lim n→∞ P(A n )x = Ax for all x ∈ D. As the closure A of A generates a (C 0 ) semigroup e tA , then together with the stability condition these arguments yield that e tA is a contraction semigroup, which satisfies
for all x ∈ B as n → ∞ and uniformly for t ∈ [0, t 0 ]. On the other hand e tP(An) x − P(V t/n ) n x = e nP(V t/n )−n x − P(V t/n ) n x , which with the notation S = P(V t/n ) and Lemma 4 yields e tP(An) x − P(V t/n ) n x √ n P(V t/n )x − x t √ n P(A n )x → 0 (19) for all x ∈ D as n → ∞ and uniformly for t ∈ (0, t 0 ]. Since, e tP(An) x − P(V t/n ) n x 2 due to (16) and because V t/n s are contractions
is true for all elements of x ∈ B. Lastly, we have
for all t 0 and n = 1, 2, . . . and by applying the result of Lemma 5, we have Π(V t/n )Π 2 (V t/n ) . . . Π n (V t/n )x − P(V t/n ) n x → 0 (20)
for all x ∈ B as n → ∞. A combination of (18), (19) and (20) proves the statement of the theorem.
